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Abstract
In the in-/out-state formalism we find the exact one-loop effective action of a massive
scalar field in the global coordinates of de Sitter spaces, which is a gravity analog of
the Heisenberg-Euler action in QED. The nonperturbative effective action, modulo the
angular momentum sum, has an imaginary part in all even dimensions, but the imaginary
part of the effective action is zero in all odd dimensions. However, in the zeta-function
regularization for angular momenta, the weak-curvature expansion of the renormalized
effective action vanishes in any even dimension, while the real part is finite in any odd
dimension. This implies that de Sitter spaces may be stable against particle production
at one-loop.
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1 Introduction
Recently Polyakov has argued that any even dimensional de Sitter space (dS) cannot be an
“external manifold” due to the instability from Schwinger mechanism for cosmic particle
production, the so-called “cosmic laser” [1]. That the dS space emits a thermal spectrum
just as black holes do the Hawking radiation was first shown by Gibbons and Hawking [2].
The dS radiation is the gravity analog of Schwinger pair production by a strong electric
field [3, 4] and has the Unruh temperature, the Hubble constant modulo 2pi. This cosmic
laser may raise a serious challenge to cosmologists since the present accelerating universe
is driven either by dark energy or by a cosmological constant. The Einstein gravity with
the positive cosmological constant is the dS space.
The dS space has played a special role for several decades because it has the dS group,
the maximal spacetime symmetry for a given dimension. The dS group makes free fields
separable and solvable, and thus constructs quantum fields in dS space (for review, see
[5]). A different coordinate system for dS space leads to a different set of field modes,
which in turn defines a vacuum. Hence, which vacuum is more physical than others
and whether vacua are stable or not have been an issue of continual debates. The dS
space has one-parameter family of vacua invariant under the dS group [6, 7, 8], and one
vacuum is a squeezed state of the other [9]. The selection of the vacuum requires some
guiding principles, one of which is the composition principle by Polyakov for causality of
the propagator. It is not the in-/in-state (Schwinger-Keldysh) formalism based on the
Bunch-Davies vacuum but the in-/out-state formalism based on the vacua without any
particle at the past and future infinities that complies with the composition principle in
dS space [1].
The purpose of this paper is first to find the effective action of a massive scalar field in
the global coordinates of dS spaces in the in-/out-state formalism and then to discuss the
physical implications in cosmology. The in-vacuum and the out-vacuum do not contain
any particle incoming from the past and future infinities, respectively. In Refs. [7, 9, 10]
field modes for a massive scalar field that define the in- and the out-vacua are found in
the global coordinates of dS spaces. In the in-/out-state formalism, the effective action is
the S-matrix between the out-vacuum and the in-vacuum [11] (for review, see [5])
eiWeff = 〈out|in〉. (1)
As the in-/out-vacua are related through the Bogoliubov transformation, the effective
action can be expressed in terms of the Bogoliubov coefficients [12, 13]. In fact, the
effective action is the sum of the logarithmic function of the Bogoliubov coefficient for
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each mode. Using the gamma function technique [14, 15], we are able to find the exact
one-loop effective action of a massive scalar field in dS space of any dimension.
The effective action is the gravity analog of Heisenberg-Euler effective action in a con-
stant electric field [4]. These effective actions are nonperturbative in that the imaginary
part describing the decay rate cannot be obtained by summing a finite number of Feynman
diagrams. Instead, these effective actions sum all one-loop Feynman diagrams with even
number of external legs for photons in quantum electrodynamics (QED) and gravitons in
dS space. The effective action in the in-/out-state formalism should be distinguished from
early works in the in-/in-state formalism. For instance, the effective actions in dS space
in Refs. [16, 17], which are obtained using the Feynman propagator, are the result in
the in-/in-state formalism. In the in-/in-state formalism the effective action, being real,
does not have an imaginary part and thus cannot explain the particle production. An
interesting observation by Das and Dunne is that in strong contrast with the electromag-
netic duality in QED, the duality does not hold between the effective action of a dS space
and that of an anti-de Sitter (AdS) space since the Feynman propagator for AdS space
cannot continue analytically to that for dS space due to different boundary conditions
[18]. There is the gauge-gravity relation between the scalar QED effective action in a
maximally symmetric 4n-dimensional electromagnetic field and the spinor effective action
in a 2n-dimensional AdS space [19].
The organization of this paper is as follows. In Sec. 2, we briefly review the effective
action in the in-/out-state formalism. In Sec. 3, we obtain the effective action of a
massive scalar field in dS spaces and compare it the Heisenberg-Euler effective action in
scalar QED. In Sec. 4, we propose a regularization scheme based on the zeta function
and obtain the renormalized effective action. Finally we discuss the physical implications
to cosmology in conclusion.
2 The In-/Out-State Formalism Revisited
We revisit the effective action in the in-/out-state formalism and then focus on dS spaces.
In the in-/out-state formalism, one assumes the vacua at the past and future infinities,
which are not necessarily identical to each other. The question of how to select the in-
/out-vacua will be addressed in detail for the dS space in Sec. 3. The vacua are assumed
to exist in two regions. The in-vacuum does not contain any particle and/or antiparticle
coming from the past infinity:
ain,L|in〉 = 0, bin,L|in〉 = 0, (2)
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where L = (l, · · ·) collectively denotes all quantum numbers associated with a quantum
field. Likewise, the out-vacuum does not have any particle and/or antiparticle coming
from the future infinity:
aout,L|out〉 = 0, bout,L|out〉 = 0. (3)
Then the Bogoliubov transformations,
aout,L = µLain,L + ν
∗
La
†
in,L, (4)
relate the out-states with the in-states, and vice versa. Here, field modes are assumed
to decouple for the sake of simplicity, though the mode-mixing case may be handled in a
similar but complicated manner [12]. The coefficients satisfy the Bogoliubov relations
|µL|2 − |νL|2 = 1. (5)
For each quantum L the Bogoliubov transformation may be written as a unitary
transformation
aout,L = ULain,LU
†
L, bout,L = ULbin,LU
†
L. (6)
The out-vacuum
|out〉 =∏
L
UL|in〉 (7)
is the squeezed vacuum of the in-vacuum, since UL is either a two-mode squeeze operator
for QED or a one-mode squeeze operator for dS space, whose explicit form is given in Ref.
[14]. One may directly show [15]
|out〉 =∏
L
[
1
µL
∞∑
nL=0
(
− ν
∗
L
µL
)nL|nL, n¯L; in〉
]
. (8)
Here, |nL, n¯L; in〉 = (a†in,Lb†in,L)nL|in〉/nL! is the multi-particle and anti-particle state. In
the in-/out-state formalism, the exact one-loop effective action Leff per unit volume and
per unit time is given by the S-matrix as [12, 13]
Weff =
∫
dtddxLeff = −i ln(〈out|in〉) = i(V T )
∑
L
ln(µ∗L), (9)
where d denotes the space dimensions, V and T are the volume and the duration. Using
the gamma function regularization, the exact one-loop QED effective actions are suc-
cessfully worked out for time-dependent electric fields [14] and spatially localized electric
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fields [15]. The vacuum persistence, which is the probability for the in-vacuum to remain
in the out-vacuum, is
|〈out|in〉|2 = e−
∫
dtddx
∑
L
ln(1+|νL|
2). (10)
Here,
N¯L = |νL|2 (11)
is the mean number of produced particles with quantum number L per unit volume and
per unit time. One can show the general relation between the imaginary part of the
effective action and the total mean number of produced particles [14, 15, 20, 21]
2Im(Leff) =
∑
L
ln(1 +NL). (12)
Note that the effective action (9) and the general relation (12) should be regularized to
the renormalized ones because the number of states allowed is infinite in general, as will
be shown in Sec. 4.
3 Effective Action of dS Space
In this section we study the in- and out-vacua of a massive scalar field in dS spaces and
then find the effective action according to Sec. 2. A (d+1)-dimensional dS space has the
global coordinates with the metric [in units of c = h¯ = 1]
ds2 = −dt2 + cosh
2(Ht)
H2
dΩ2d, (13)
which has the topology R×Sd and a constant scalar curvature R = d(d+1)H2. As the dS
space is maximally symmetric, the massive scalar field is completely integrable. Indeed,
the massive scalar field Φ with mass m is decomposed by the spherical harmonics YL(Ωd)
of the Laplace operator on Sd,
∆(d)Y
(d)
L (Ωd) = −L2Y (d)L (Ωd), (14)
with the eigenvalues and degeneracies [22]
L2 = l(l + d− 1), D(d)l =
(l + d− 2)!
l!(d− 1)! (2l + d− 1), (l = 0, 1, · · ·). (15)
Then the scalar field is quantized as
Φ(t,Ωd) =
∑
L
[aLϕ(t,Ωd) + a
†
Lϕ
∗(t,Ωd)]. (16)
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Here, the field mode
ϕ(t,Ωd) =
1
cosh
d
2 (Ht)
φL(t)YL(Ωd), (17)
is determined by the solution to the one-dimensional scattering problem
[
d2
dt2
+H2
(
γ2 +
L2 + d
2
(d
2
− 1)
cosh2(Ht)
)]
φL(t) = 0, γ =
√
m2
H2
− d
2
4
. (18)
In this paper we consider only the massive scalar (m > dH
2
), and will study light scalar
(m < dH
2
) or massless scalar and/or graviton elsewhere. Following Ref. [7] for d = 3 and
Ref. [9] for any d, we choose the solution given by the hypergeometric function
φL(t) =
2l+
d
2√
2Hγ
coshl+
d
2 (Ht) exp
[
(l +
d
2
− iγ)Ht
]
F
(
l +
d
2
, l +
d
2
− iγ, 1− iγ,−e2Ht
)
. (19)
The solution has the asymptotically positive frequency
φL(−∞) = e
−iγHt
√
2γH
. (20)
The quantum field (16) with the field mode (19) prescribes the in-vacuum, which
does not contain any particle from the past infinity (t = −∞), since each mode has the
asymptotically positive frequency (20). Similarly, the out-vacuum is defined with respect
to field modes with the asymptotically positive frequency
φL(∞) = e
−iγHt
√
2γH
. (21)
As the solution (19) splits into one branch of positive frequency and another branch of
negative frequency at t = ∞, the particle annihilation and creation operators for the
in-vacuum and the out-vacuum are related through the Bogoliubov transformations, as
explained in Sec. 2. The Bogoliubov coefficients are given by
µL =
Γ(1− iγ)Γ(−iγ)
Γ(l + d
2
− iγ)Γ(1− l − d
2
− iγ) ,
νL =
Γ(1− iγ)Γ(iγ)
Γ(l + d
2
)Γ(1− l − d
2
)
, (22)
which satisfy the relations
|µL|2 − |νL|2 = 1. (23)
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The mean number of produced scalar particles is
N L = |νL|2 =
(
sin pi(l + d
2
)
sinh piγ
)2
. (24)
Note that the mean number vanishes for any odd-dimensional dS space (d = even integer)
as pointed out in Ref. [9]. That particles are not produced in odd dimensional dS spaces
is the consequence of a reflectionless soliton solution by the KdV equation (18) in odd
dimensions [1]. A semiclassical explanation is that the double Stokes lines for the Wentzel-
Kramers-Brillouin actions for pair production interfere constructively in even dimensions
but destructively in odd dimensions [23], implying no particle production.
Following the method in Refs. [14, 15], we substitute the Bogoliubov coefficients (22)
into Eq. (9), use the gamma function [24], and then obtain the exact one-loop effective
action per unit volume and per unit time
L(d+1)eff (H) = i
Γ(d+1
2
)
(2pi)
d+1
2
mHd
∞∑
l=0
D
(d)
l
∫ ∞
0
ds
s
e−iγs
1− e−s
[
1 + e−s − e−(l+ d2 )s − e(l+ d2−1)s
]
. (25)
Here, we have divided the action by the Hubble volume 2pi(d+1)/2/Γ(d+1
2
)Hd and the
Compton time 1/m. Finally, after doing the contour integral along a quarter circle of
infinite radius in the fourth quadrant, we obtain the effective action
L(d+1)eff (H) =
Γ(d+1
2
)
(2pi)
d+1
2
mHd
∞∑
l=0
D
(d)
l
[
P
∫ ∞
0
ds
s
e−γs
sin( s
2
)
{
cos(l +
d− 1
2
)s− cos(s
2
)
}
+
i
2
ln(1 +N L)
]
, (26)
where P denotes the principal value andN L is the mean number (24) of produced particles
with quanta L. The imaginary part is the sum of residues from simple poles at s = −2pini
in the contour integral. Interestingly, the proper integral converges for each fixed l.
However, the effective action (26) is not finite since the summation over angular momenta
is infinite. The divergent structure of the effective action hides in the angular momentum
sum, which requires a regularization scheme, as will be shown in Sec. 4.
The effective action (26) has the form similar to the QED effective action in the
proper-time formalism by Schwinger [3]. In the (d+1)-dimensional Minkowski spacetime,
a massive scalar with charge q and spin multiplicity 2 in a constant E-field has the
Bogoliubov coefficients [14, 15]
µk⊥ =
√
2pie−i
pi
4 e−pi
m2+k2
⊥
4qE
Γ
(
1
2
+ i
m2+k2
⊥
2qE
) , (27)
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and thereby the exact one-loop effective action per unit volume and per unit time
L(d+1)eff (E) = −
qE
(2pi)
∫
dd−1k⊥
(2pi)d−1
[∫ ∞
0
ds
s
e−
m2+k2
⊥
2qE
s
sin( s
2
)
− i ln
(
1 +N k⊥
)]
. (28)
Here, k⊥ is the momentum component transverse to the electric field and the mean number
of produced pairs via Schwinger mechanism is
N k⊥ = e−pi
m2+k2
⊥
qE . (29)
It is worthy to note the similarity and difference between the dS effective action (26)
and the QED one (28). Quantum fluctuations are angular excitations in the former case
whereas they are the transverse motions in the latter case, and γ corresponds to
m2+k2
⊥
2qE
.
The function 1/s sin( s
2
) is characteristic to bosons. However, the divergent structure
comes from the infinite sum over angular momenta in the dS effective action while it
is the singularity of proper-time integral in the QED effective action, which should be
regularized through the vacuum (mass) energy and the charge renormalization, etc. After
the momentum integral, the exact one-loop effective action is given by
L(d+1)eff (E) = −
(qE
2pi
)(d+1)/2P ∫ ∞
0
ds
s(d+1)/2
e−
m2
2qE
s
sin( s
2
)
− i
(2pi)d
∞∑
n=1
(qE
n
)(d+1)/2
(−e−pim
2
qE )n. (30)
A few comments are in order. In all odd dimensions the effective action (26) does not
have an imaginary part, implying no particle production, whereas in even dimensions the
existence of the imaginary part has been a controversial issue [1, 25]. The effective action
(26), modulo angular momentum summation, has the imaginary part in any even dimen-
sion and thereby the mean number of produced particles, thus resolving the controversial
issue. Further, the general relation holds in any dimension, even or odd, between the
imaginary part and the mean number
2(ImLeff) =
∑
L
ln(1 +NL), (31)
which is a consequence of the Bogoliubov transformation (4) and the definition of the
effective action (9). The dS radiation can be interpreted as Schwinger mechanism with
the Unruh temperature H/(2pi) in analogy to QED, whose Unruh temperature is the
inverse of the period of the Euclidean motion [26, 21].
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4 Zeta-Function Regularization of Weak-Curvature
Expansion
The effective action (26) is equivalent to the sum of all Feynman diagrams with one
internal loop of a massive scalar interacting with arbitrary number of dS gravitons just as
the QED effective action (28) or (30) is the sum of all one-loop diagrams with arbitrary
even number of photons. Though at higher energy or large action the quantized scalar
field may break down or be one sector of unified theory, in this paper we adopt the exact
one-loop effective action somewhat in a literal sense. Then the real part of the effective
action (26) is not renormalized since the infinite sum over the angular momenta l makes
it diverge. So any divergent term from this summation should be properly regularized
to yield the renormalized effective action. In this section we propose the zeta-function
regularization since the summation over the angular momenta can be expressed in terms
of the Riemann zeta functions or the Hurwitz zeta functions.
Let us first investigate the weak-field expansion of the real part (vacuum polarization)
of QED effective action (30), which follows by expanding 1/ sin( s
2
),
Re(L(d+1)eff (E)) = −
(qE
4pi
)(d+1)/2[
2Γ
(
−d+ 1
2
)(qE
m2
)−(d+1)/2
+
∞∑
k=1
22(22k−1 − 1)
(2k)!
×|B2k|Γ
(
2k − d+ 1
2
)(qE
m2
)2k−(d+1)/2]
, (32)
where B2k are Bernoulli numbers. Those terms with 2k ≤ d+12 are apparently singular
in Eq. (30), so these terms should be regularized, for instance, k = 0 corresponding to
the energy (mass) renormalization and k = 1 to the charge renormalization, etc. Hence,
the renormalized QED effective action is a series of the terms (qE)(d+1)/2( qE
m2
)2k−(d+1)/2 for
2k > d+1
2
and in d + 1 = 4, the leading term is (qE)2( qE
m2
)2, as expected. The analytical
continuation of the gamma functions distinguishes odd dimensions (d even integer) from
even dimensions (d even integer). The weak-field expansion does not converge due to fac-
torially growing coefficients from symmetric factors for Feynman diagrams. Further, the
Borel summation of the non-alternating series (32) leads to an imaginary part, explaining
Schwinger mechanism in QED regardless of dimensions [18].
We turn to the effective action in dS spaces. Similarly, expanding 1/ sin( s
2
), cos(l +
d−1
2
)s, and cos( s
2
), respectively, we obtain the weak-curvature expansion of the real part
of the effective action
Re(L(d+1)eff (H)) =
Γ(d+1
2
)
(2pi)
d+1
2
mHd
∞∑
l=0
D
(d)
l P
∫ ∞
0
dse−γs
[
2
s2
+
∞∑
k=1
22k−1 − 1
(2k)!
|B2k|
(s
2
)2k−2]
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×
∞∑
n=1
(−1)n
(2n)!
[(
l +
d− 1
2
)2n − 1
22n
]
s2n. (33)
The proper integral yields a series of 1
γ2n−1
. In the large-mass limit of m≫ dH
2
= 1
2
√
dR
d+1
,
the real part of the effective action is a series of R(d+1)/2( R
m2
)n−1 for n ≥ 1, and the
leading term is R(d+1)/2, being R2 in d + 1 = 4. A closer inspection shows that the
scalar curvature R in dS space corresponds to (qE)2 in QED, which suggests the gauge-
gravity relation for AdS and B-field may possibly hold between a 2n-dimensional dS
space and a 4n-dimensional electric field. Now, the infinite sum over l can be regularized
through the zeta functions, as will be shown below. As the degeneracies (15) of spherical
harmonics discriminate the dimensionality of spacetimes, we separately treat the even
and odd dimensions.
4.1 Even Dimensional dS Space
In even dimensions, d = 2p− 1, (p ≥ 1), the degeneracies take the form
D
(2p−1)
l =
2
(2p− 2)!
p−2∏
q=0
(x2 − q2), (x = l + p− 1), (34)
which can be written as a polynomial
D
(2p−1)
l =
2
(2p− 2)!
p−1∑
j=1
C
(2p−1)
2j x
2j . (35)
Then, the summation over l in Eq. (33) becomes Riemann zeta functions [27], modulo a
finite sum,
p−1∑
j=1
C
(2p−1)
2j
∞∑
l=0
(l + p− 1)2j+2n =
p−1∑
j=1
C
(2p−1)
2j ζ(−2j − 2n)−
p−1∑
j=1
C
(2p−1)
2j
p−2∑
l=0
l2j+2n. (36)
The relations from the polynomial (34)
p−1∑
j=1
C
(2p−1)
2j l
2j = 0, (l = 0, · · · , p− 2), (37)
make the second summation vanish, so we obtain
p−1∑
j=1
C
(2p−1)
2j
∞∑
l=0
(l + p− 1)2j+2n =
p−1∑
j=1
C
(2p−1)
2j ζ(−2j − 2n). (38)
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Finally, the weak-curvature expansion of the effective action is expressed in terms of
zeta functions as
Re(L(2p)eff (H)) =
2Γ(p)
2pip(2p− 2)!mH
2p−1
p−1∑
j=1
C
(2p−1)
2j
∞∑
n=1
(−1)n
(2n)!
[
ζ(−2j − 2n)− 1
22n
ζ(−2j)
]
×
[
2Γ(2n− 1)
γ2n−1
+
∞∑
k=1
(22k−1 − 1)|B2k|Γ(2k + 2n− 1)
(2k)!22k−2γ2k+2n−1
]
, (39)
We now employ the zeta-function regularization [28] (for review and references, see [29])
ζ(−2n) = 0, (n = 1, 2, · · ·). (40)
The zeta-function regularization makes the real part of the effective action zero. Similarly,
as the mean number is independent of l, the imaginary part of the effective action (26)
becomes
Im(L(2p)eff (H)) =
Γ(d+1
2
)
2(2pi)
d+1
2
mHd ln(1 +N )
∞∑
l=0
D
(2p−1)
l . (41)
The summation of angular momenta
∞∑
l=0
D
(2p−1)
l =
2
(2p− 2)!
p−1∑
j=1
[
C
(2p−1)
2j ζ(−2j)−
p−2∑
l=0
C
(2p−1)
2j l
2j
]
, (42)
also vanishes due to the zeta-function regularization and the relations (37). The zeta-
function regularization for the angular momenta in Eq. (26), after expanding only cos(l+
d−1
2
)s and cos( s
2
) but keeping 1/ sin( s
2
), leads the zero effective action. We may thus
conclude that the renormalized effective action in the weak-curvature expansion, both the
real and imaginary parts, vanishes for all even dimensions.
4.2 Odd Dimensional dS Space
In odd dimensions, d = 2p, (p ≥ 1), we write the degeneracies as
D
(2p)
l =
2x
(2p− 1)!
p−1∏
q=1
[
x2 −
(2p− (2q + 1)
2
)2]
, (x = l + p− 1 + 1
2
), (43)
and expand it as a polynomial
D
(2p)
l =
2
(2p− 1)!
p∑
j=1
C
(2p)
2j−1x
2j−1. (44)
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Since the following relations hold from the polynomial (43),
p∑
j=1
C
(2p)
2j−1
(
l +
1
2
)2j−1
= 0, (l = 0, · · · , p− 2). (45)
the sum over l is simplified as Hurwitz zeta functions [27]
p∑
j=1
C
(2p)
2j−1
∞∑
l=0
(
l + p− 1 + 1
2
)2j+2n−1
=
p∑
j=1
C
(2p)
2j−1ζ(−2j − 2n+ 1,
1
2
). (46)
Therefore, the weak-curvature expansion of the effective action in odd dimensions takes
the form
Re(L(2p+1)eff (H)) =
2Γ(2p+1
2
)
2pi
2p+1
2 (2p− 1)!
mH2p
p∑
j=1
C
(2p)
2j−1
∞∑
n=1
(−1)n
(2n)!
×
[
ζ(−2j − 2n+ 1, 1
2
)− 1
22n
ζ(−2j + 1, 1
2
)
]
×
[
2Γ(2n− 1)
γ2n−1
+
∞∑
k=1
(22k−1 − 1)|B2k|Γ(2k + 2n− 1)
(2k)!22k−2γ2k+2n−1
]
. (47)
Note that ζ(−2j − 2n + 1, 1
2
) = −B2j+2n+2(12)/(2j + 2n + 2). The imaginary part is
identically zero since there is no particle production in odd dimensions as explained in
Sec. 3.
5 Conclusion
In this paper, employing the in-/out-state formalism, we have found the exact one-loop
effective action of a massive scalar in dS space in any dimension and compared it with
QED effective action in a constant electric field. The effective action is defined as the
S-matrix between the in-vacuum and the out-vacuum. The effective action (26) is the
gravity analog of the Heisenberg-Euler effective action (28) or (30) in scalar QED, which
is equivalent to summing all one-loop diagrams interacting with arbitrary even number
of gravitons or photons. It exhibits nonperturbative aspects, such as the imaginary part
in even dimensions, and keeps the covariance since it is expressed entirely in terms of the
curvature, just as the QED effective action is gauge invariant. One noticeable point is
that the proper integral of the effective action is finite for each angular momentum, in
contrast with the QED effective action. However, there occur divergent terms from the
infinite sum of angular momenta, which are analogs of the ultraviolet divergent terms in
Minkowski spacetimes and also of ultraviolet terms in the momentum integral in the QED
effective action (28).
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The nonperturbative effective actions (26) and (28), though unrenormalized, share
some points in common. The quantum fluctuations come from angular excitations in dS
space while they come from transverse motions in addition to the acceleration of a charged
particle in QED. Thus, the exact one-loop effective action is the sum over angular mo-
menta in dS space and the transverse momenta in QED. The sinusoidal function 1/ sin( s
2
)
is the property of bosons. From Eqs. (26) and (28) the scalar curvature R in dS space
corresponds to (qE)2 in QED, and the weak-curvature/-field expansion in Sec. 4 suggests
a possible gauge-gravity relation between a 2n-dimensional dS space and a 4n-dimensional
E-field, while the gauge-gravity relation is known between a 2n-dimensional AdS and a
4n-dimensional B-field in Ref. [19].
The regularization and renormalization for dS spaces, however, differs from that for
QED due to the nature of divergence structure. The divergences in dS spaces from
the infinite angular momenta are countable and can be expressed in terms of Riemann
or Hurwitz zeta functions, whereas those in QED come from the integration over the
transverse momenta and are regularized through the vacuum energy (mass) and the charge
renormalization, etc. In the weak-curvature expansion of the dS effective action and in the
zeta-function regularization, to our surprise, the renormalized effective action vanishes in
all even dimensions. The physical implication is that an even dimensional dS space may
not have any quantum hair and thus may be stable at one-loop. However, the effective
action has only finite real part in any odd dimension. The difference between the even
and odd dimensions is the consequence of the degeneracies of the Laplace operator on Sd.
In the zeta-function regularization for the weak-curvature expansion of the dS effective
action, we assume arbitrarily large angular excitations. At such higher energy or action,
the quantum field theory of a massive scalar should include interactions with other fields
or quantum gravity may enter here [30]. If we adopt the exact one-loop effective action
in a literal sense, it is free from quantum corrections at one-loop level, that is, there are
remarkable cancelations among quantum corrections. In the case of interactions, however,
the result of this paper does not rule out the possibility of the decay of dS spaces due to
quantum fluctuations and pair production [31, 32, 33, 34, 35]. The stability of interacting
fields or two-loop effective action in dS spaces will be addressed in the future.
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